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Lecture 1

Introduction

Hamilton’s principle

Let us consider a D-dimensional spacetime X with coordinates z# (u = 0,1,2,...,D — 1)
and a set of fields ®*(x) (k = 1,2,...,N) on X, ie. o = (2 2',... 2P~1). Similarly,
d = (&', 02, ... ®V) will denote the set of fields ®*(z) and P the set of their first order
derivatives 0,®*(z). The action of the system is then introduced by

S[®,0] = /Qde L(D(x),00(x), ) , (1.1)

where €2 is a domain in X and L is a Lagrangian. The equations of motion

are obtained by the Hamilton’s principle, which states that the action functional (1.1) is
stationary on the solutions of the equation of motion with fixed values of the fields ®*(x)
at the boundary of €.

Note that point mechanics corresponds to D = 1, 2° = ¢t and ®*(z) = ¢*(¢). In this
case, the Euler-Lagrange equations (1.2) are equivalent to

Wi 4,1) 4" = Vi(a,4:1) , (1.3)
with 0*L oL o*L
kl:W> kzﬁ_qk_mq" (1.4)
The matrix Wy, is called Hessian. Equation (1.3) takes a Newtonian form
G* = F"q.q.t) (1.5)

for a non-degenerated Hessian and the corresponding Lagrangian is called regular.
For a regular Lagrangian the map from the velocities ¢* to the canonical momenta

oL

Dr = a—qk (1.6)

is invertible, ¢* = v*(p, ¢, t), and the system of second order equations (1.3) is equivalent
to

oOH oH
-k .
where H is the canonical Hamiltonian
or
H = (a—qkq - ﬁ) | b=k (prg,t) - (1.8)
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The solutions of the Hamilton equations (1.7) are stationary points of the action

5= [ttt 0.0) (19)

The coordinates and momenta (¢*, p;.) are canonical variables on the phase space and
an observable A is a function of the canonical variables and time A = A(p, q,1).
The Poisson brackets

W By =5 9 ~ o ops (1.10)

define the Lie algebra of observables and allow to write the Hamilton equations (1.7) in a
symmetric form

The dynamical equation of an observable A(p,q,t) then becomes
A=0,A+{H, A}. (1.12)

The canonical momenta in field theory are introduced similarly to (1.6)

. oL
where the following notations are used t = 2, @ = (z',...,2P"') and ¥ = 9,®*. The

Euler-lagrange equations (1.2) are usually equivalent to the Hamilton equations

0H . 0H

(@) = STI(7) (7) = T o0k(T)

(1.14)

with

H= /da?: (Hk(f)cb’“(a‘:’) —E(f)) . (1.15)

Here, the integration is performed over (D — 1) spatial coordinates, at fixed time ¢, and
certain boundary conditions for the functions II,(Z) and ®*(Z) are assumed. Boundary
conditions should provide consistency of the Hamilton equations (1.14) and their equiv-
alence to the Euler-Lagrange equations (1.2). Some standard boundary conditions are
discussed below for a 2-dimensional filed theory.

Observables are functionals of the canonical variables (II,(Z), ®*(Z)) and the Poisson
brackets are defined by

[ A 6B SA 6B
4, B} = /dx ((5Hk(f) SOE(T)  60F(7) 6Hk(f)> ' (1.16)

This gives to the Hamilton equations the same form as in (1.11)

N(7) = {H,@" (D)}, 1= {HIL(T)} (1.17)

only now the canonical variables are labeled by the index k£ and the spatial coordinate .
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As an example we consider 2-dimensional (2d) field theory with the Lagrangian
1
L= —3 0,P(x)0"d(x) , (1.18)

where O* = n*0, and n* = diag(—1,1) is the metric tensor of 2d Minkowski space.
From (1.2) we obtain the wave equation (92 — 9?)® = 0, which we write in the form

d(1,0) — " (1,0) =0, (1.19)

where dot and prime denote time (7 = 2°) and space (o0 = ') derivatives, respectively.
By (1.13) and (1.18), we get II(0) = ®(0) and the Hamiltonian (1.15) becomes

H= %/da [I1*(0) + ©"%(0)] , (1.20)

with some integration domain in 0. The case —oo < 0 < 0o corresponds to 2d Minkowski
space. Two other standard cases are the field theory on the cylinder 0 < ¢ < 27 and on
the strip 0 < o < m. For these cases we consider the following boundary conditions:

. —x<o<, ®0)—=0, Ifc)—=0, s— +oo; (1.21)
2. 0<o<2r, &0)=>(2n), I1(0) = II(27) ; (1.22)
3. 0<o<nm, ®0)=d(r)=0, II'(0)=1I'(xr)=0. (1.23)

The case (1.21) is called the open boundary conditions and it usually assumes vanishing
of fields and their derivatives at the spatial infinity. The second case (1.22) corresponds to
the periodic boundary conditions and the third case to the Neuman boundary conditions.
These tree cases lead to the Hamilton equations

d(0) =Il(0), Il(o) = d"(0), (1.24)

which are equivalent to (1.19). As it was mentioned above, boundary conditions in field
theory have to provide consistency of the Hamilton equations.

Noether’s theorems

Noether’s theorem relates symmetry transformations to conservation laws.
We consider so called point transformations of coordinates and fields

ot i =gyt x), OF(x) s OF(E) = TR (D, ) . (1.25)

Here, each y* is a function of D coordinates x*, each ¥* is a function of N fields ®' and
D coordinates z¥. The map (1.25) is assumed invertible.

The Lagrangian for the fields ®*(%) is obtained by the condition S[®,Q] = S[®, ),
which provides

L(D(F),00(F),7) = % L(D(x),00(x), ) , (1.26)

where % = det (giﬁ) is the Jacobian of the coordinate transformation.
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Introducing the Euler derivative

oL oL
= g =2 (s15.09) e
from (1.26) be obtain
- Oz 09

Thus, the fields ®(7) also satisfy the Euler-Lagrange equations with the Lagrangian (1.26).
However, it does not mean that the Euler-Lagrange equations are form-invariant.

The transformation (1.25) is called a symmetry transformation if the new Lagrangian
L has the same functional form as the initial one, i.e.

L(3(7),08(7),7) = % L(®(x),00(z),z) . (1.29)

In this case the form of the equations of motion for the fields ®*(z) and ®*(z) is the same.
Now we consider a special type of symmetry transformations related to a Lie group G.
Let G be a group with M real parameters €* (o = 1,2,..., M) which acts both on the

spacetime X and on the space of fields ®. Assuming that ¢ = 0 corresponds to the unit

element of the group, we can write the infinitesimal action of the group in the form

ot s B = ot 4 vl (x) + O(F) OF o DF = F L 2 VE@®) 4 O() . (1.30)

Note that the operators )
Vg =040, ,  Va=VFo,, (1.31)

satisfy the commutation relations
[Das @,3] = Cap 0y, Ve, Vﬁ] =Cas Vs, (1.32)

where C,37 are the structure constants of G.
If (1.30) is a symmetry transformation then the first Noether’s theorem states that

Ot + EVE@) =0, (1.33)
where E,; are Euler derivatives (1.27) and

oL
F=t — (VF -2 0,0%) . 1.34
JE =L+ D) (Vi — vl 9,9%) (1.34)

Hence,

9" =0, (1.35)

due to the Euler-Lagrange equations, and one finds the conserved observables
Q= / 4z 10(1, ) (1.36)
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These ), are called Noether charges and J¥(x) conserved currents.

A symmetric action, that leads to conservation laws, can be constructed by some in-
variants. However, such constructions usually involve non physical degrees of freedom and
create gauge symmetries. Note that in gauge transformations group parameters are arbi-
trary functions of spacetime coordinates. For illustration we consider two simple examples.
1. A relativistic particle in Minkowski space is described by the action

S = —m/dﬂ/—q'2 (1.37)

where ¢* = 1,,¢"¢" and 7, = diag(—1,1,1,1) is the metric tensor of Minkowski space.
This action is proportional to the length of the particle worldline and therefor it is invariant
under the Poincare transformations

"= @' =AN,q" +a", (1.38)

which define the isometry group of the Minkowski space. However, at the same time, the
length is invariant under the reparametrizations ¢ — f(t), with arbitrary monotonic f(t).
These are the gauge transformations mentioned above.
The Noether charges for the symmetry transformations (1.38) read
maqt
d M

ﬁa I

and their conservation is provided by the equations of motion obtain from (1.37)

m {q.“ B qu(q'd)} _o. (1.40)

Vv —ql/? >

2. The action for the electro-magnetic field is given by

PH = =P.,q — P,q, , (1.39)

S = —i/d”‘xFWFW (1.41)

where F,, = 0,A, — 0,A,. This action leads to the Poincare covariant field equations
0, F" =0, (1.42)
and at the same time it is invariant under the gauge transformations
Ay (z) = Au(x) + 0\ (z) . (1.43)

A similar situation is in Yang-Mills theory, in the standard model and in string theory.
Note that general relativity is also a gauge invariant theory.

An important structure of gauge theories is provided by the second Noether’s theorem.
It states that the Euler derivatives of a gauge theory are linearly related to each other.

One usually considers two different type of gauge transformations. The first corresponds
to spacetime diffeomorphisms and the second to gauge transformations only of fields, as it
was illustrated in the above mentioned two examples. We present these cases separately.



First we consider gauge transformations of coordinates and the corresponding transfor-
mations of fields written in the following infinitesimal form

T =" + e(x) + O(?) , OF(F) = O (z) + 0, () V:””(d)) +O(€) . (1.44)

If the action of the system is invariant under these gauge transformations, then the linear
relations between the Euler derivatives take the form

0,@" By — 0, (VI E) = 0. (1.45)
In the second type gauge symmetries one transforms only fields
dF(2) OF(z) = OF(2) + €*(z) V(D) + D,e™(2) V(D) + O(e?) . (1.46)
and the linear relations between the Euler derivatives become
VEE,—0, (VI E) =0. (1.47)

Note that the number of linear relations in both cases coincide with the number of
gauge group parameters and in the first case it is given by the spacetime dimension.

Linear relations between the Fuler derivatives implies a degeneracy of the Hessian.
The Lagrangian of a gauge theory, therefore, is singular and the standard Hamiltonian
description fails.

Hamiltonian treatment of singular systems was introduced by Dirac and later on there
were many attempts to develop the method due to its importance for the fundamental
theories. Here we present the Faddeev-Jackiw formalism which appeared quite effective for
the description of gauge theories and other constraint systems as well.

Faddeev-Jackiw formalism

Let us consider a mechanical system with coordinates ¢ = (¢',¢?,...,¢") and the action!
Stal = [ diLia.d). (1.48)
One can introduce 2N additional coordinates p = (p1,p2,...,pn), v = (v1, v, ... 0v") and

the new action

Slg,p,v] = /dt [pk(q'k — o) + L(g,v)] , (1.49)

where L(g,v) is the same function as in (1.48). The variation of (1.49) with respect to py
provides ¢* = v* and their insertion in (1.49) leads to the initial action (1.48).

Thus, these two actions provide the same dynamics for the coordinates ¢.

One can also consider the variation of (1.49) with respect to v¥, which yields

~ 0L(q,v)

!Since the equations of motion and other local properties of a system are independent on boundary
conditions, the integration domain sometimes is not important and it is not indicated in the action.



For a regular Lagrangian these equations allow to express the variables v* in terms of (p, q)
and one ends up with the Hamiltonian system (1.9).

However, if the Lagrangian is singular, one can solve only a part of the variables v*.
Suppose, these are (v, v?, ... vV =M). Without loss of generality one can assume that after
solving the first N — M variables (v!,v? ... vV =M) the dependance on the rest variables
v* (a=N—M+1,...,N) is linear and the action (1.49) takes the following form

S= /dt [ped” — H(p,q) — v"¢a(p,q)] - (1.51)
Then varying v* lead to the constraints

¢a(p:q) = 0. (1.52)

These constraints define (2N — M)-dimensional surface in (p, q) space. The point on the
surface can be parameterized by 2N — M coordinates £* (« = 1,2,...,2N — M)

7" =q"&), e = pr(§) , (1.53)

and the action (1.51) in the new coordinates becomes

316 = [ ot outerée - 110 (1.54)

where 0,(¢) = pp(€)0.¢"(z). For further analysis one has to calculate the rank r of the
antisymmetric matrix

Wag(§) = 0ablp(§) — 0pba(§) (1.55)

which is even r = 2n. According to the Darboux’s theorem there exists a transformation
to new variables (P;, Q",n7), where i = 1,2,....,n and v = 1,2,...,2N — M — 2n, such
that

0,d¢* = PdAQ" + dF(P,Q,n) . (1.56)

Neglecting the derivative term dF' (P, Q,n), one gets from (1.54)

§— /dt [R-Qi —H(P.Q,n)] . (1.57)
Varying now 71”, one finds algebraic equations for n’s
0, H(P,Q,m) =0 . (1.58)

Either all n’s can be excluded from these equations or one gets new constraints on (P, Q)
and the reduction procedure has to be repeated again. In this way one finally obtains an
ordinary Hamiltonian system (1.9).

This reduction procedure for a gauge invariant theory usually stops at the level (1.57)
and at the level (1.51) the functions ¢,(p, q¢) and H provide the Poisson brackets algebra

{¢a7 ¢b} = C’abcgzsc y {Ha Qba} =0 , (159)

where Cy;, © are the structure constants of the gauge group.



Exercises
1. Derive the Euler-Lagrange equations (1.2) from the Hamilton’s principle.
2. Check the equivalence of the equations of motion (1.3) and (1.7).

3. Derive the Hamilton’s equation (1.7) by the variation of (1.9) and specify the boundary
conditions.

4. Check the canonical Poisson brackets

{IL(2), IL()} = 0= {), ¢'(y)} , {IL(@), M} =00@ -7 .  (1.60)
5. Derive the Hamilton equations (1.24), using the Hamiltonian (1.20) and the boundary
conditions (1.21)-(1.23).
6. Check the relation (1.28) for the Euler derivatives.

7. Derive the commutation relations (1.28).

8. Let g. be a one parameter group which acts on the time coordinate ¢ by the rule

962(961 (t)) = Gertez (t) ) (161)

and its infinitesimal form is given by
ge(t) =t +ev(t) + O(?) . (1.62)

Find the global form of g.(t) in terms of the function v(¢).

9. Let us consider a set of transformations (1.62) labeled by integer n
gen(t) =t + " vn(t) + O(?) (1.63)

with v, () = "', Show that the vector fields 9, form a Lie algebra and calculate its struc-
ture constants. Show that v_y, vy and v; form a subalgebra and calculate the corresponding
global transformations of ¢.

10. Let us consider a mechanical system with Noether charges
. aﬁ k . k:
Qa = Ua(t)£<q7 q, t) + (9_61’“ (Va (q) —Va g ) . (164)

Check whether the Poisson brackets of @), form the algebra (1.32). Investigate the same
problem in field theory.

11. Derive the equations of motion (1.37) and check the linear relation (1.45).

12. Derive the equations of motion (1.41) and check the linear relation (1.47).

13. Check the equations (1.45) and (1.47).

14. Apply the Faddeev-Jackiw reduction to the relativistic particle action (1.37).

15. Apply the Faddeev-Jackiw reduction to the action of electro-magnetic field (1.41).
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16. Let us consider a Lagrangian with second order derivatives

S[®] = /QdT L(d* 09,8% 02, 0%) . (1.65)

) Y uv

Formulate the stationary action principle and derive the equations of motion

oL oc , [ oL\
ok~ O (a@ﬂ»k)) O (3(33V<1>‘“)) =0 (1.66)

17. Consider a symmetry transformation for the action with second order derivatives and
construct the corresponding conserved current J¥.

18. Describe symmetries of the model (1.18) and find the corresponding conserved currents.
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Lecture 2
Symplectic Geometry

1. The Hamiltonian dynamics

The Hamilton equations

OH oOH
@ = 20 by = — —— =1,...,.N 2.1
R (@ ) (2.1)
can be written in the form . OH
= — ™ (2.2)

no= 5 “o w )
where 0™ (n =1,...,2N) combines the phase-space coordinates

n=py et =py 0 =gl L P =g (2:3)
and w(™ is the 2N x 2N antisymmetric matrix
0 —I
w8m:2<I O> . (2.4)

The coefficient 1/2 in (2.2) and the corresponding normalization of the matrix wp is chosen just
for further convenience. Eq. (2.2) in arbitrary coordinates n — & becomes

: 1
"= 5 w™ O H (2.5)
with oem oen 9
mn __ kl —

Since the Jacobian of the transformation 7 +— & is non-zero, the matrix w™" is non-degenerated
and its inverse wy,, provides w™ wy, = 6™ ,. The matrixes wy,, and w™" transform as covariant
and contravariant 2-tensors, respectively. They remain antisymmetric, but, in general, they are
coordinate dependent. If w™" = w{" the transformation n — £ is canonical. In this case the
initial canonical form of Hamilton equations (2.1) is preserved.

Calculating the canonical Poisson bracket

_90f 9g Of 0g

{f’g}_@fw—%fm (@a=1,..,N) (2.7)

in the coordinates £, one finds

1.9} = 5 @™ 0uf Ong (28)
Then, the Jacobi identity
{f.95,hy + g h} f1 +{{h. f} 9} =0, (2.9)
implies the condition
WM O W™ 4+ WFM G W 4 WPt O W™ =0, (2.10)
which for the inverse matrix wy,, leads to
O Winn + Om wny + Op Wi =0 . (2.11)

Exercise 1-5.



2. Definitions and notations from differential geometry

Before introducing the notions of symplectic geometry we recall basic definitions, notations and

some useful formulas form differential geometry (see also the appendix of the lecture 3).

e )M -dimensional manifold M locally looks like a domain of R,

e " (n=1,...,M) are local coordinates in a domain of M.

e Smooth functions C*°(M); feC*WM), f:M—R.

e Vector fields V(M); Ve VM), V =V"&)0,.

e I-forms Q'(M); © € Q'(M), ©=0,(¢)dem.

e The action of 1-forms on vector fields ©(V) = ©,, V" is equivalent to the rule
dx™(0p) =0"n .

o p-forms QP(M); A€ QP(M), A=Ay, dEFANdEN--- NdET.

e The action of A on p vector fields A(Vi,...,V},) = Apip Vlk VQZVP” is provided by

A(Ok, 01, ..., On) = Nkt -

e The anti-symmetrization of tensors is given by
1 .
Tikt..n) = ol > " sing(0) To o). .om) -
R

where the summation is over the permutations ¢ of p-indices k, 1, ..., n.
e The exterior product of A € QP(M) and © € QI(M); AANO € QPTI(M),
(AANO)kt.n = At Oy -
e The differential of a p-form; dA € QPTH(M),
ANkt = O Ny -
e The Lie derivative of a p-form; Ly (A) € QP(M),
Ly (Mt = V™ O Ao + A1 O V™
e The contraction of V with A; V|A € QP~1(M),
VN =pV" At -
e The commutator (the Lie bracket) of two vector fields V- and W; [V, W] € V(M),

[V, W]* = V™0 W" — W™ 0, V" .

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)



Useful formulas for AeQP(M), ©eQiM) :

d(dA) =0, (2.20)
ANO = (1P OAA, (2.21)
d(ANO) =dANO + (—1)PAAdO (2.22)
VI(AAO) = (VIA)A® + (—1)P A A (V]O), (2.23)
LyA=V]dA+d(V]A) (2.24)
Ly(dA) =d(Ly A) | (2.25)
Ly (WA) = [V,W]JA+W]Ly A, (2.26)
(Lv Lw — Lw Lv) A= Ly A | (2.27)

e A form A is called closed if dA =0, and it is called exact if A = d©.
e Due to (2.20), an exact form is closed, but a closed form is not always exact.

Examples with 1- and 2-forms (A = A, d€", 0 =0,dE", W= Wyp d§™ AN dE™)
1

ANO) o = 3 (Ambn — Anbm) (2.28)
w@ng%%—m%% (2.29)
(Ly0), = V™ Ol + 0 0, V™ (2.30)
Ve=Vv"o,, (2.31)
(W A ) = é (Wmn 01 + wny O, + Wi On) (2.32)
(dw)imn = é (01 Wi + O wni + O Wim) (2.33)
(Lvw)n = V' Owmn + Win Om V! = wign, 0, V* (2.34)
(V]w), = 2V"™ Wy - (2.35)

Exercise 6-8.



3. Symplectic manifold, Hamiltonian vector fields and Darboux theorem
A 2-form w is called non-degenerated if the equation for a vector field V'
Viw=146 (2.36)
has an unique solution for any 1-form 6. Writing w in local coordinates
W = Wi dE™ N dE™ (2.37)
by (2.35) one finds the equation
2V Wmn = O (2.38)

and the non-degeneracy condition is equivalent to detwy,, # 0. Thus, for a non-degenerated
2-form there exists the inverse matrix w™” with

l

W wp, =0", . (2.39)

Since wy,y, is anti-symmetric, it can be non-degenerated only if the dimension of M is even.

A 2-form w is called symplectic if it is non-degenerated and closed (dw = 0).

A manifold M equipped with a symplectic form is a symplectic manifold.

By (2.33), the condition dw = 0 is just eq. (2.11). To discuss other similarities with the
phase space structure, let us consider eq. (2.36) with § = —df, where f is a function on M

df +Viw=0. (2.40)

The field V is called the Hamiltonian vector field. It is associated with a function f and has the
components

n 1 nm

Due to (2.24) and (2.40) the Hamiltonian vector fields preserve the symplectic form

Evf w=20. (2.42)

Poisson bracket of two functions f and ¢ is defined by

{fr9} =20(Vy, Vg) - (2.43)

Using (2.41), it can be written in local coordinates as Eq. (2.8)
1

From (2.44) follow other, equivalent to (2.43), expressions

{9y =Vil9)=-Vo(f)- (2.45)

The Poisson bracket (2.43) is obviously anti-symmetric. As it was mentioned in Section 1, the
Jacobi identity (2.9) is equivalent to (2.10). On the other hand, for a non-degenerated w, equation
(2.10) follows from (2.11) (see the exercise 4). It means, that the Jacobi identity is the consequence
of the non-degeneracy and the closer of w.



Finally note that the Hamiltonian vector fields satisfy the commutation relation
[V, Vol =Visgy - (2.46)

To check this, one can act by the left and right hand sides of (2.46) on a function h. With the
help of (2.45) one can verify that the obtained relation is just the Jacobi identity.

Thus, the set of smooth functions on a symplectic manifold form a Lie algebra with respect
to the Poisson brackets and the map of this algebra to the Hamiltonian vector fields is a repre-
sentation of this Lie algebra.

An important example of a symplectic manifold is a standard phase space with canonical
coordinates pg, ¢* (a = 1,..., N) and the canonical symplectic form

w=dpg N dq" . (2.47)

In this case the Hamiltonian vector fields are given by

Vi = - 2 Y 2.48

1 Opa 09" 99" Opa (2.48)
and the Poisson bracket (2.43) becomes (2.7). As we have seen in Section 1, transformations to
arbitrary phase-space coordinates reproduce the formalism of symplectic geometry. It is natural
to ask the question: whether a symplectic manifold has the canonical coordinates. The answer
is given by Darboux’s theorem:

Let (M, w) be a 2N-dimensional symplectic manifold and let m € M. Then there is a neighbor-
hood U of m and a coordinate system (pq,q%), (a =1,...,N) on U such that w = dp, A dq“.

In general, canonical (Darboux) coordinates exist only locally. It should be mentioned that
their explicit construction sometimes is not easy, even if the canonical structure is global.

In physical applications a symplectic manifold (M, w) usually arises in a Hamiltonian reduc-
tion of a gauge theory to physical (gauge invariant) variables. The obtained symplectic manifold
is called the physical phase space.

As we have seen a function on M plays two roles. It is an observable and at the same time
it is a generator of a one parameter group of transformations. A set of functions could generate
a Lie group transformations, if their Poisson brackets form a Lie algebra.

Exercise 9-12

4. Symplectic structure on 7*Q, T'(Q and on the space of solutions

The Lagrangian L(q,v) is a function on T'Q, where T'Q) denotes the tangent space to the configu-
ration space ). The dynamical trajectories are solutions of the variational equation §S = 0, with
the action

t1
S = / dt L(q,q). (2.49)
to
The corresponding Euler-Lagrange equations
d (0L oL
— — =0 2.50
dt (8@“) 0q® (2.50)
can be written in the first order form for the 2N variables (¢%, v®)
d (0L oL
el _ =0 d 4 — 2.51
i () ~gp =0 ma = 251



The Lagrangian is called regular if

0%L
det | ——— 0. 2.52
¢ <8v“8@b> 7 (2:52)
In this case the equations
_ oL (2.53)
Pa = e .

define velocities v, as functions of the coordinates ¢ and the momenta p,. Eqs. (2.51), then
become equivalent to the Hamilton equations (2.1) with the Hamilton function

H= gvl; v*—L . (2.54)
The Hamilton equations have the form
@ =VE,  pa=VE, (2.55)
where . 8H SH
Vi o= apa Vi = “ o (2.56)

are the components of the Hamiltonian vector field (2.48) for the canonical symplectic form (2.47).
Note that the Hamiltonian (2.54), the canonical symplectic form (2.47) and the canonical
1-form 0 = p, dg® are invariant under the coordinate transformations on Q.
The transformations from the canonical coordinates (¢, p,) to (¢%, v*) can be considered as
a change of coordinates on the symplectic manifold. Due to (2.53), the symplectic form in the
new coordinates becomes
O*L 0*L

_ a b
WL = Oq®ovb dq” A dg” + Ovaovb

dv® A dg® . (2.57)

Introducing the corresponding Hamiltonian vector field Vg related to the Hamilton function
(2.54)
VHJWL +dH =0, (2.58)

and writing it as

0 0
= " p 2.
from (2.57) one finds
9’L 9*L 2
Vi |wr, = i*dg” — id¢’ ) dg” — ¢ dv®) . 2.60
Hlwr 9qa00b L~ 55500 Ut Grage (0%dg” — ¢* dv”) (2.60)
Now differentiating the Hamiltonian (2.54)
%L oL
H = a j,b a j.,b a 2.61
d Sua g0t ¥ dv’ + avaaqb“ dq g dq (2.61)

and inserting (2.60)-(2.61) in eq. (2.58), one indeed obtains the dynamical equations (2.51)

0’L 0’L 0’L oL
H=—"" (% — g% b -b b Y a 2.62
Vi jwr +d Do Db (v* —¢*) dv’ + (%aaqbq + S0i00b o dq (2.62)
82[’ a -a b
+8vaaqb (v*—=¢*)dg”=0.



The space of solutions (motions) M is the set of functions ¢ = ¢*(t), which satisfy the
dynamical equations (2.50). Note that the trajectories ¢*(t) and ¢*(t+ s), in general, are distinct
points of M, even though the two trajectories occupy the same points in Q).

Symmetry properties of integrable systems is usually easier to formulate for M. This space
becomes a manifold if we parameterize the solutions ¢* = ¢%(t) by the initial data (¢*(to), ¢%(t0)).
A Hamiltonian field Vi is called complete if the solutions with all admissible initial data can be
continued for arbitrary . When V7 is complete and L is regular, the map

¢(to) : M = TQ: ¢"(t) = (¢",v%) = (¢"(t0), 4" (o)) (2.63)

defines a diffeomorphism and the symplectic form on 7'Q) (given by wy ) induces the symplectic
form on M. There is another, but equivalent, way to define the symplectic structure of M.
Let us consider the following function on M

t1
S(to,t1) = dt L(q,q) , (2.64)
to

where the action is calculated on the solutions ¢ = ¢(t). A tangent vector U to M at a solution
q = q(t) is a function v = u(t), which satisfies the linearized equation of motion

d ( 9°L ., 0L o*’L ., 0*L
— | =—== — 1 — =0. 2.65
dt <8v“8vb e duedg ) dqeovt T agragt (2.65)
The derivative of the function (2.64) along U is given by
[ OL OL
UldS(tg,t1) = dt @ I 2.66
1dS(to,t1) /to <8qau +8vau) (2.66)

oL " [t [oL d [(9L\] .,
—u + dt | o~ — — — || u” .
v to t q dt \ Ov
The last integral vanishes because ¢(t) is a solution of the equation of motion. Introducing, for
each t, a 1-form 6, on M by

Ul = u®(t) (‘?UI; , (2.67)
we find
dS(to,t1) = Oy — by - (2.68)
Here the right-hand side of (2.67) is calculated at (gq,v) = (q(t), 4(¢)).
The closed 2-form
w=db; (2.69)

does not depend on t and it coincides with the induced form from T'Q).

Comparing the dynamical pictures on M and T'Q), one finds a similarity with the quantum
case. The dynamics on M is the analog of the Heisenberg picture, while the Schrodinger picture
corresponds to the dynamics on T'Q.

Exercise 13-14.



Appendix

Moment map

Let (M,w) be a symplectic manifold and let G be a Lie algebra. The action of G on M is a linear
map from A +— Vy

Via,p = [Va, Vsl , (2.70)
Hamiltonian action
hia,B) = {ha,hB} . (2.71)
Moment
By fn, fm(A) = hA(m) (2'72)

‘Moment’ because such a map generalizes the momentum and angular momentum associated with
translations and rotations respectively.

Co-cycles of Lie algebras

Let G be a Lie algebra G and G* its dual. A cocycle on G is an anti-symmetric bilinear form
a € G* A G*, such that

a([4, B], C) + o([B,C], A) + a([C, A], B) = 0 (2.73)
for every A, B, C. Any f € G* defines an element § f of G* A G*
1

Two cocycles are said to be equivalent if they differ by 6 f. The set of equivalence classes forms
a group under addition. It is called the second cohomology group of G and is denoted by H?G.

A canonical action A — V4 of a Lie algebra G on a symplectic manifold (M,w) determines an
element Q of H2G. If there is a moment, then Q = 0.

If @ = 0 and if each of the vector fields V4 is Hamiltonian, then the action of G on M is
Hamiltonian.

The usefulness of this statement is that H2G = 0.
[G,G] = G and H?G = 0 for any semi-simple Lie algebra.

The Abelian Lie algebras: [4, B] =0 for any A, B € G. [G,G] = 0 and H?G = G* A G*.



Exercises

1. Prove that if w™" is given by (2.6), then its inverse is

ot o onf
where )
0 I
Wiy = 5 ( 70 > (E.2)

inverts (2.4).

2. Derive eq. (2.10) from eq. (2.11).

3. Verify that for N =1, eq. (2.11) is satisfied by any antisymmetric w.
4. Check that wy,, given by eq. (E.1) satisfies eq. (2.11).

5. Let us consider the transformation (p, q) + (£!,£?) from the canonical coordinates (p, q) to

51:p\/a+§, fzzq\/aJr%. (E.3)

Here o is a non-negative parameter and H is the harmonic oscillator hamiltonian

gt (E.4)
2
Check that
(€Y =H+a= /()2 +(2)?+a?, (E.5)

and that the Poisson brackets of the functions &1, ¢2 and €Y = H + o form the si(2,R) algebra.

6. Let us consider on R?\ (0,0) the 1-form

T Y
A= ——dy— dr . E.
72 + 12 Y 22 + o2 x (E.6)

Check that A is closed, but not exact.
7. Derive (2.34) from (2.17).
8. Similarly to the exercise 7, derive the formula for the Lie derivative of a metric tensor.

9. A field V on a symplectic manifold (M, w) is called locally Hamiltonian if it preserves w
Lyw=0. (E.7)
Let us consider on R? \ (0,0) the canonical form w = dp A dq and the vector field

p q 0,

=50+ 5> E.8
P+t p g ()

Check that the field (E.8) is locally Hamiltonian, but not Hamiltonian.



10. Check that the commutator of two locally Hamiltonian vector fields V' and W is Hamiltonian

V.W]=Vy, (E.9)
with
f=2w(V,W). (E.10)
11. Let us consider the 2-form
w= - dx N dy (E.11)

Va2 +x2 +y?
on R2. Here a is a positive parameter. Find a 1-form 6, such that df = w.

12. Let us consider the 2-form
w=zdrANdy+xzdyANdz+ydz Ndz (E.12)

on R? and its reduction on the unit sphere z? + % 4+ 22 = 1. Calculate the reduced 2-form in
the spherical coordinates. Check that the reduced form is closed, but not exact. Find the local
canonical coordinates for the reduced 2-form.

13. The space of solutions for a free particle is
q(t) =z + vt , (E.13)

where x and v are the coordinate and the velocity at t = 0.
Check that this space is invariant under:

e Translations ¢(t) — q(t) + a + bt.

e The conformal transformations q(t) — q(¢(t)) ¢(t)~'/2, with

at+

t) = 0 — =1. E.14
o) =25 e (E.14)
Find the corresponding transformations of the parameters z, v.

14. The space of solutions of the harmonic oscillator is given by
q(t) = xcost+vsint , (E.15)

where x and v are the coordinate and the velocity at ¢t = 0.
Check that this space is invariant under the translations ¢(t) — q(t) + acost + bsint.

Consider the following transformation of the initial data

<i>H<:§><i> with  ad—fy=1. (E.16)

Check that (E.16) is a canonical transformation and find the corresponding transformation of the
space of solutions (E.15).

10
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Lecture 3
The SL(2,R) group

1. The si(2,R) algebra

A Lie algebra G is a linear space with a multiplication rule, which is bilinear, antisymmetric and
satisfies the Jacobi identity. The product of two vectors A € G and B € §G is called the Lie bracket
and it is denoted by [A, B]. Thus, [A, B] € G and it satisfies the conditions

NA+B,C|=\A,Cl+[B,C], (3.1)
[A,B]=-[B, A], (3.2)
[[A,B],C]+][[B,C], Al+][[C, A], B]=0. (3.3)

The numbers A are real for real algebras and to distinguish the real and complex algebras one
uses the letters R and C, respectively.
A representation of G is a linear map of G to a space of linear operators A — O4, such that

[A,B]— 0405 -0p0, . (3.4)
Let us consider the operator ad4 acting on G by
ads(B)=[A, B]. (3.5)
The Jacobi identity (3.3) provides that
adj4,p) = adsadp —adpada . (3.6)

Thus, the map A — ad4 defines a representation of G. It is called the adjoint representation.

The sl(2,R) algebra is a remarkable example, which arises in many mathematical and physical
constructions. Its elements are 2x2 real traceless matrices and the Lie bracket is the commutator
[A, B] = AB— BA. Since the commutator of two matrixes is traceless, [A, B| € sl(2,R). The
conditions (3.1)-(3.3) are obviously fulfilled.

One can use the following basis in sl(2,R)

TO:((l)_(1]>, T1:<(1) é) ng(é_(1)>. (3.7)

Any A € si(2,R) can be written as A = A" T,,, with real numbers A”. The basis elements T},
(n=0, 1, 2) satisfy the relations

T Th = —mn I+ 6l mn 17, (38)

where [ is the unit matrix, 7,,, = diag(+, —, —) form the metric tensor of 3d Minkowski space
and €,,,; is antisymmetric, with €p;20 = 1. Lover and upper indices are provided by the metric
tensor 7, and its inverse ™" (9™, = ™). Due to (3.8), the commutators of T}, are given by

[T, Tp] = 2€! i T (3.9)

The numbers 2¢€! ,,,, are called the structure constants of the si(2, R) algebra (see the exercise 1).
Exercises 1-6.



2. The Killing form

Let us introduce a bilinear and symmetric form B(A, B) on sl(2,R)
B(A,B)=(AB), (3.10)

where the brackets (-) denote the following normalized trace of 2 x 2 matrices

1
<M>:—§Tr(M). (3.11)
Deu to (3.8), the normalization (3.11) yields
<Tm Tn) = Nmn - (3.12)

Expanding then A and B in the basis (3.7): A= A™T,,, B= B" T, , we obtain
(AB) = tjnn A™ B" . (3.13)

Note that the maps A" — A = A"T,, and A — A" = ( AT™) are inverse to each other.
Thus, the scalar product (3.10) makes the sl(2,R) algebra isometric to 3d Minkowski space.

Similarly to the Minkowski space, a non-zero element A is called time-like if (AA) > 0,
space-like if (A A) < 0 and light-like if ( A A) = 0. For example, Tp is time-like, whereas T} and
T, are space like. An example of a light-like element is

T—&——;(TO‘FTI)—(? 8) R (3.14)

which is a nilpotent matrix: TJQr =0.

In general, a bilinear symmetric form on a Lie algebra G is introduced by the Killing form
K(A,B) = Tr(ads adp) , (3.15)

where ad 4 is the operator for the adjoint representation (3.5). To calculate the Killing form, one
can choose a basis in G and associate to ad4 a matrix (ad4)™, in a standard way (see (E.4)).
Then one finds

K(A,B) = (ada)™ n(adp)" m - (3.16)

Note that this calculation does not depend on the choice of a basis e,,.
For A= A"e,, and B = B" e,, the Killing form can be written as

K(A,B) = Ky A™ B" | (3.17)
with
K:mn = Ck ml cl nk (318)
where ¢* ,,; are the structure constants of G (see the exercises 1 and 2).

This calculation for the sl(2,R) algebra gives
K(A,B)=—-8(AB) . (3.19)

Exercises 7-9.



3. The exponential map

Due to (3.8), the square of any A € sl(2,R) is proportional to the unit matrix
A-A=—-(AA)I. (3.20)

This formula helps to find a compact form of e

e =cosf I +sinf A, with 0 =+/(AA), Az?, it  (AA)>0; (3.21)
e =coshA I +sinh A A, with A=+/—(AA), A:é, if  (AA)<0; (3.22)
er=I+A, if  (AA)=0. (3.23)

In particular,

. A
o1, [ cosf —sinf A, (€0 oty _ (10
© = < sinf  cos@ > &S ( 0 e*) ¢ 7 p 1) (3.24)

Exercise 10.

4. The adjoint representation of SL(2,R)

The SL(2,R) group is the set of 2 x 2 real matrixes with unit determinant and the standard
multiplication rule of matrices. An element g € SL(2,R) and its inverse g~! can be written as

. a b -1 _ d —b . _ .
g-(c d)’ g _<—c a)’ with ad—bc=1. (3.25)

Since dete4 = e1T4, the exponentials (3.21)-(3.23) have the unit determinant, but note that this
map covers only a part of SL(2,R). In particular, one can not get the elements with Trg < —2.
Let us introduce the operators Ad,, which act on si(2,R) by

Ady(A)=gAgt. (3.26)

It is a representation of SL(2,R) (Ady Ady = Ad, 4 ), which is called the adjoint representation.
The transformations (3.26) obviously leave the bilinear form (3.10) invariant

(Ady(A) Ady(B)) = (A B) . (3.27)
The corresponding transformations of the coordinates A” = (T™ A) are
A" AT AT (3.28)
with
A =(T"gTmg ). (3.29)

Since the sl(2,R) algebra is isometric to 3d Minkowski space, we find that (3.28) is a 3d Lorentz
transformation. Thus, eq. (3.29) provides a map from the SL(2,R) group to the Lorentz group.
As far as the SL(2,R) group manifold is connected (see the next section), the matrices A",
belong to the SO4(1,2) subgroup. Note that (3.29) maps g and —g to the same Lorentz matrix.

Exercises 11-12.



5. Coordinates on SL(2,R)

SL(2,R) is a three dimensional manifold. Its parameterization can be obtained as a combination
of one parameter subgroups of the type (3.24). One of these combinations (see the exercise 10)
can be written as

(A a,p) = cosh A cosa + sinh A cosf — cosh A sin « + sinh A sin 8 (3.30)
g\ p) = cosh A sin v + sinh A sin 8 cosh A cosae —sinh A cos 8 ) ° '
These parameters become ‘global coordinates’ on SL(2,R) for

A>0, 0<a<2r, 0<p<2m. (3.31)

To prove this statement, we consider another useful parameterization.
Adding the unit matrix to the basis (3.7), one gets a basis in the space of 2 x 2 matrices.
Therefore, any g € SL(2,R) can be written as

g=cl+u"T, , (3.32)

with some real numbers ¢ and u". The matrix form of (3.32) is

g:< C — U2 —Uup — Uy ) : (333)

Ug — U c+ u2
where the parameters (uy,, c¢) satisfy the condition
A+ (up)? — (u1)? — (ug)? =1. (3.34)

To parameterize g in terms of independent variables it is convenient to consider the planes (uj, ug)
and (ug, ¢). A point from the plane (u1, ug) fixes the radial distance on the plane (ug, ¢) by
c? + (ug)? = 1+ (u1)? + (u)? and the freedom remains in the polar angle only. Thus, the
SL(2,R) group manifold can be treated as R? x S!, where R? stands for the plane (u1, uz) and
St for the polar angle on (ug, c).

u9 C

A+ (up)? > 1

(1IN
" NI

Comparing (3.33) and (3.30) we find

u1 = —sinh A sin 3, ug = cosh A sin« (3.35)

ug = —sinh A cos 3 , c=-cosh A\ cosa . (3.36)

Hence, sinh A\ and f play the role of polar coordinates on the plane (u1, uz) and « is the polar
angle on (ug, ).
Exercises 13-14.



6. Functions, vector fields, 1-forms and the metric on SL(2,R)

The matrix elements g, are functions on the SL(2, R) group manifold, which are related by

911922 — 912921 = 1.
Vector fields V' are given as linear operators acting on functions (see the appendix)

VIf] = V“(x)(m . (3.37)

Here z# are coordinates and V*#(z) denote the components of V in these coordinates. The
solutions of the equation &# = V#(x) define a flow on the manifold.
Let us introduce two vector fields L4 and R4, labeled by A € sl(2,R) and defined as

La(g9ap) = (Ag)ap Ra(gap) = (9 A)ap - (3.38)

Writing this equations without matrix indices

La(g)=Ag, Ra(g)=gA, (3.39)

one immediately finds the corresponding flows (see the appendix for a definition)

g g(t)=¢g, g g(t)=ge, (3.40)

as left and right multiplications for L4 and Ry, respectively.
As it follows from (3.39)

[La, L) =—Liap [Ra,Rp]l=Rap , [La,Rp]=0. (3.41)

If A and B are the basis vectors (3.7), these commutators become

~

[f/m7 i/n] = _2€l mn i/l , [Rma Rn] = 26[ mn Rl s {-i/ma Rn] =0 5 (342)
where we have used the notations I:n = f/Tn, Rn = RTH.

I-forms 6 = 6,(x)dx* are characterized by co-vector fields 6,,(x). They act on vector fields
and give functions

O[V]=0u(x) V¥ (x) . (3.43)
Particular examples of 1-forms are differentials of functions df and the rule (3.43) provides
af[v) = V1) (3.44)

Similarly to the vector fields, let us introduce the left and the right 1-forms parameterized by the
elements of s/(2,R)
La=(Adgg™"), Ra=(Ag~"dg) . (3.45)

The action of these 1-forms on the vector fields (3.39) are given by
LalLp] = (AB) , Ra[Rp] = (AB) , (3.46)

and

LalRp]=(AgBg™"), RalLp] = (Ag~' Byg) . (3.47)



Taking A and B as the basis vectors (3.7) and using the notations L,, = Lt,,, R, = Rr,

m

we get
Lin[Ly] = Nn Rin[Rp] = i - (3.48)

Thus, the left and right 1-forms are dual to the corresponding vector fields. One also has
Lin[Ra] = (TngTog™") Ru[Lp] = (Tng ' Tug) - (3.49)

The last two functions are just the matrix components of Lorentz transformations (3.29).
One can also consider the left and the right 1-forms with values in the si(2, R) algebra (Maurer-
Cartan form)

LyT"=dgg™", R,T" = g 'dg . (3.50)

Here we have used the summation property (E.12) for the matrices T,,.

The metric tensor on SL(2.R) is defined by
g=((9""dg) ® (g~ ' dg)) - (3.51)
It is a symmetric 2-form with the components

g =(9 " 0ugg " 0ug) . (3.52)

In terms of the left or the right 1-forms the metric (3.51) reads

g=L"®L,=R"®R,, (3.53)
and the components are
g =N"" Liny o Lny v =0"" Rin, j, Rn, v, (3.54)
with
Liny = (T 099~ %) , Ry = (T g ' Oug) . (3.55)

The metric tensor (3.52) is invariant under the left (¢ — hg) and the right (g — gh) multi-
plications of g by the group elements h € SL(2,R).

Exercises 15.

Remarks

A Lie algebra G is called semi-simple if its Killing form is non-degenerated.

A Lie algebra G is called Abelian, if [A, B] =0 for any A, B € G.

Examples of semi-simple Lie algebras are o(n), for n > 2, su(N), sp(n), o(p, q), su(p,q).

Exercise 16.



Appendix
Covariant tensors T'(x) have down components T, (z). They act on vector fields
T(w,w,...) = Tpp. 0" w"... . (A.1)
Contravariant tensors T'(z) have upper components 77" (z). They act on functions
T(f,g,...) =T O f Ong... . (A.2)

Functions, forms and metric are covariant tensors, while vector fields are contravariant ones.
Amap ¢: M — M from a manifold M to a manifold M creates:

e ¢* - pull-back map of covariant tensors.

e ¢, - push-forward map of contravariant tensors.

One has o
P(x) =T, o' f=fo9, (A.3)
¢v () =v(@*f),  ¢*0(v) = 6(dwv) . (A4)
Here 7 is a point in M, fNis a function on M, f’o~¢ denotes the composition of f and ¢; v is
a vector field on M and 6 is a co-vector field on M. The generalization to higher order tensors
is straightforward. Then, one gets in components

- ox™ 0z -
(@ D)n = G o (A5)
_orm o
~ Qx™ Oxn

ol

(¢T)™" . (A.6)

M 0« 0:9¢" M

The pull-back map of the metric tensor is called the induced metric.
A flow ¢y on M is a one parameter additive family of transformations of M

¢t . M — M y with ¢t o) ¢t/ = ¢t+t/ . (A?)

A vector field v(x) provides the dynamical equation @& = v(z). The solutions of this equation
x(t) with all possible initial data z(t)|;=p = x define a flow ¢}(x) = z(t). This flow acts on
covariant and contravariant tensors according to (A.5) and (A.6), respectively. The Lie derivative
L, of a tensor filed T is defined by

da
dt
The components of £,T (see the next lecture) can be obtained from (A.5), replacing ¢* by

v*, and using that

LT =S (67°T) oo - (A.8)

¢! (z) = = + tv(z) + O(t?),

for small .



Exercises

1. Let e, be a basis of a Lie algebra G. Since [e,,, e,] € G, one has

[em’ en] :elclmn 5

with some constants ¢! mn, which are called the structure constants of G.
Check that the structure constants satisfy the relations

Cl mn — _Cl nm s
F il o+ g+ F o =0
2. Let (ad4)™,, be the matrix associate with ad4 in a basis e,

ads(en) = ey (ada)™ .

Check that
(adel)m n = " In »

(E.1)
(E.2)
(E.3)

(E.4)

(E.5)

and relate the identity (E.3) to the commutator of the basis vectors in the adjoint representation.

3. Check that the commutators of the basis vectors (3.7) are

[Ty, T =2Ty, [T, To]=2T>, [To, T2] =2T1 .

4. Verify the following relation

(Tn)aﬁ (Tn)a/ﬂ’ - 5aﬁ 50/5/ - 250‘6’ 5[(3@/ .

5. Prove that

Nt Mim  Min
€ijk €mn = det | M Mjm Njn
Nkl Mkm Mkn
6. Using (E.8) derive the summation rules
€ " €lamn = Nim Njn — Nin Mjm > €0F €jkn = 20in ,  €IF

7. By (3.8) check that
<ﬂTan> = €lmn -

8. Using (E.9) derive that
(T3 Ti T T ) = Nk M — Mhon Mim. — Mkl hmn. -
9. Let A € sl(2,R) and B € sl(2,R). Using (E.7) check that
(T, AY(T"B)=(AB) .

10. Calculate the product of three exponents given below and show that

€ijk =6.

OTo ATz To _ cosh A cosa +sinh A cosf — cosh A sina + sinh A sin 8
- cosh A sin « + sinh A sin 8 cosh A\ cosa — sinh A cos 3

with a =0+~ and B =60 —1.

(E.6)

(E.7)

(E.8)

(E.9)

(E.10)

(E.11)

(E.12)

(E.13)



11. Prove that:

a) any g € SL(2,R) with —2 < Trg < 2 is given by (3.21).

b) any g € SL(2,R) with Trg > 2 is given by (3.22).

¢) any g € SL(2,R) with Trg < —2 is given by g = —e” with a space-like A.
d) any g € SL(2,R) with Trg = 2 is given by (3.23).

12. Using (E.12), prove that the matrixes A", defined by (3.29) satisfy the conditions

An m An 1 = Nml - (E14)

13. Prove that the inverse to (3.32) is
g l=cl—u"T, . (E.15)

14. The SU(1,1) group is defined as the set of 2 x 2 complex matrixes with unit determinant
which preserve the following scalar product

(VIx) =vIx1—¥3xz - (E.16)

Show that:
a) a group element g € SU(1,1) is given by

g= < uz ;f > ; (E.17)

where the z and u are complex numbers, with |z|? — |ul> = 1.
b) the map

1 .
g g:UgU_1 with U:\ﬁ ( 1 i) , (E.18)

transforms the SU(1,1) matrixes to the SL(2,R) ones. Thus, these two groups are equivalent.
15. Let 2™ be the normal coordinates on SL(2,R) defined by

g=¢e"Tn (E.19)

Calculate in theses coordinates :

a) The components of the vector fields I:n and Rn

b) The components of the co-vector fields for the 1-forms L,, and R,.
c¢) The components of the metric tensor g.

16. Check that the Killing form is non-degenerated for the su(2) algebra, but it is degenerated
for u(2).

17. Let us consider two maps from the s/(2,R) algebra to the SL(2,R) group

A

A—g=ce and B g=—¢el. (E.20)

Check that they together cover SL(2,R). Describe the domain on SL(2R), where these maps
intersect and find there the relation between A and B.

18. Check that the Lie derivative of the metric tensor on the SL(2,R) group manifold vanishes
for the left and right vector fields.



19. Let us consider the 4-dimensional space R*? with coordinates (u1, ug, ug, ¢) and the metric
ds® = dc* + dud — du? — du3 . (E.21)
Its isometry group is O(2,2). The hyperboloid
A 4ud—ud—ui=1 (E.22)
embedded in R?? is invariant under the O(2,2) transformations. Verify that the induced metric
on the hyperboloid (E.22) coincides with the metric on SL(2,R).

References
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Lecture 4
Particle dynamics on manifolds

In this lecture we consider simple models of particle dynamics and demonstrate how the mathe-
matical tools introduced in the previous lectures work for them.

1. The Liouville model

The first example is the dynamics of a particle in the exponential potential. Here we obtain the
space of motions M, calculate the symplectic form on M and find its tangent vectors.

The Liouville field theory is described by the dynamical equation
(92 — 32) p(1,0) + 4m? 2279 = | (4.1)

where m > 0 is a coupling constant and (o, 7) are space-time coordinates. This model of expo-
nentially self-interacting field theory is integrable. Its general solution in terms of two arbitrary
functions A and B can be written in the form

1 A(t+0)B'(t —0)
#(7,0) = 2 log [1+m2A(T+0)B(t—0))?

(4.2)

Let us consider the homogeneous field configurations d,p = 0. These fields are time dependent
o(7,0) = z(7) and they describe the dynamics of a particle in the exponential potential

B(r) +4am?e® () = 0 . (4.3)
The Lagrangian of this model is
1
L=3 i —2m?e*® (4.4)
and it provides the standard symplectic form on 7'Q) (see (2.57))
wr, =dvANdz . (4.5)
Using the conservation of energy
1
E=3 2 2m?e*® (4.6)

the equation of motion (4.3) can be integrated in the form

p
t) =1 4.7
z(t) = log 2m cosh(q + p7) ’ (4.7)

where p = v2F and ¢ is an integration constant. The variables (p, q) parameterize the space of
motions and since the energy is positive, these variables are given on the half-plane p > 0. Note
that the solution (4.7) is obtained from (4.2) for m A(x) = m B(z) = e(4P%),

The symplectic form on the space of motions (4.7) is induced by (4.5) as the pull-back map
(see the appendix of Lecture 3 and (2.63)) for

o(to) : x(t) = (x,v) = (z(to), z(to)) - (4.8)
Calculating first the velocity from (4.7)

#(t) = —p tanh(q + p7) , (4.9)



and then taking the differentials of (4.7) and (4.9) with respect to p and ¢

d
dx(t) = ?p — tanh(q + p7) (dg + 7 dp) , (4.10)
di(t) = —tanh(q + p7) dp — + (dq+ Tdp) , (4.11)
cosh”(q + pr)
by direct calculation we obtain
dz(tg) A dz(ty) = dp ANdgq . (4.12)
As it was expected, this symplectic form does not depend on tg.
The equation for the tangent vectors (2.65) in this case reads
9 2
i(r P 7 =0. (4.13)

" cos®q+pm) "
This second order linear equation has two linear independent solutions with the unit Wronskian

u1(7) = tanh(q + p7) and ug(7) = 7 tanh(¢ +p7r) — 1/p . (4.14)
This tangent vectors are also obtained from (4.7), differentiating it with respect to ¢ and p.
Exercise 1-2.

2. A free particle in a curved space

In this section we consider the dynamics of a free particle in a curved space and show how the
Hamilton equations on T'Q) reproduce the equations for geodesics.

Let us consider N-dimensional configuration space ) with coordinates ¢* (u = 1,..., N) and the
matric tensor gW(q). A free particle dynamics in this space is described by the Lagrangian

1

L=3eu(a)d"q" . (4.15)

The metric tensor is assumed positively defined to realize the minimal action principle. Multi-
plying the Euler-Lagrange equations obtained from (4.15) by g*”(q), which is the inverse to the
metric tensor (g““/ g, = 0"'1), one finds the equations for geodesics

g+ Tt (q) 6" d° = 0. (4.16)
Here I')5(q) are the Christoffel symbols
1 /
lefa(Q) = 5 g,uu (augu/a + aagu’u - au’gzza) . (4'17)

The Lagrangian (4.15) provides on T'Q the following symplectic form (see (2.57))

wr = g, dv” AN dg" + 05, v dg° N dg" | (4.18)
and the Hamiltonian (see (2.54))
1
H = §guy(q) v oY . (4.19)



Differentiating this Hamiltonian, one can solve the equation dH + Vi |wr, = 0 for the Hamiltonian
vector field Vi and obtain

9 )
Vie =5 nt g g““ (O8ur — 20580,) 0707 = (4.20)

The corresponding Hamilton equations
@ =", 0% = —T%.(q) "¢, (4.21)

are indeed equivalent to the equations of geodesics (4.16), written in the first order form.
Exercise 3-5.

3. Particle dynamics in SU(2)

Now we consider the dynamics of a particle on the SU(2) group manifold. We integrate the
equations of motion and describe the symplectic and Poisson bracket structures of the system.
Some details on the SU(2) group manifold are given in the Appendix (see also the exercise 6).

The SU(2) group manifold geometrically is realized as the 3-dimensional sphere S3. The metric
tensor on SU(2) is defined similarly to the SL(2, R) case by (A.10). Then, the free particle
Lagrangian (4.15) on SU(2) takes the form

1, 4. 4.
L=3{g"997"a) (4.22)
The Euler-Lagrange equations
d ( 0L oL
() ()
dt 0ga5 agag
can be reduced to the matrix equation
d
- (97'9)=0. (4.24)
Here we have used that
a9,
//B/
8;;,3 _ga a 955/ ) (4.25)
which is a consequence of (g_1 g) op = dap, and also
— == . 4.26
Dis = 2 099 s r puo =5 (670900 s, (4.26)
Integrating (4.24), first one finds
glg=r, (4.27)

with a time independent su(2) matrix r. Further integration of ¢ = gr leads to
g(t) =g, €, (4.28)

where g, is the initial value for g(¢): g, = ¢(0).
Eq. (4.28) defines the space of motions M and it is parameterized by the pair (g,, ).



To find the symplectic form of the system one can introduce an equivalent to (4.22) Lagrangian
written in the first order form

L=(rg~lg)— %(r "y (4.29)

The variation of (4.29) with respect to 7 gives 7 = g~ !¢ and plug in it back into (4.29), one indeed
gets (4.22). The first order formalism leads to the Hamiltonian formulation. By (4.29) one can
introduce the 1-form

0= (rg~ dg) (4.30)
called the symplectic potential. Its differential is the symplectic form
w={drAngtdg)— (rg tdgngtdg), (4.31)
which can be rewritten as
w=drm ARy, — €pm e By AN Ry . (4.32)
Here
Tm = (emr) , Ry = (emgtdg) , (4.33)

em (m = 1,2,3) are the basis vectors of the su(2) algebra and, in addition, we have used eq.
(A.7) for the normalized traces.
The Hamiltonian vector field V., , associated with r,, is obtained from the equation

drp, +V,, Jw=0, (4.34)
which by (4.32) leads to

dY’n -+ V;«n (Tm) Rm — Rm(Vr ) dT’m — €kim Tk Rl(Vrn) Rm + €kim Tk Rm(‘/;»n) Rl =0. (435)

n

Since dr;,, and R,, are six linearly independent 1-forms, we obtain
Ry(Vi,) = dmn Vo (rm) = 2€knm Tk - (4.36)
The second equation here provides the Poisson brackets (see (2.45))
{rns"m} = 2€knm Tk , (4.37)

and the first one leads to (see (4.33)) V., (g9ag) = (9 €n)as, Or equivalently

{rn, g} = gen . (4.38)

The equation for the Hamiltonian vector field V,,_,, given by dgas+Vas]w = 0, yields the relations
R, (Vy,s) = 0, which defines the Poisson brackets

{908, garp'} =0. (4.39)

The generalization of this scheme to any semi simple Lie group is straightforward. Then
one concludes that the dynamics of a free particle on a semi-simple Lie group G is described
by the phase space G x G, with the pre-symplectic form (4.30). The Poisson brackets of the
corresponding variables (g, ) are given by (4.39), (4.38) and (4.37), replacing there 2€g,,, by the
structure constants of G.

Exercises 6-10.



4. A relativistic particle in AdS spaces

A manifold M with a Lorentzian metric can be interpreted as a curved space-time. The dynamics
of a relativistic particle on M is described by the action proportional to the length of a timelike
trajectory. Typical examples of such manifolds are de Sitter (dS) and anti de Sitter (AdS) spaces,
which have a constant curvature. This constant is positive for the dS spaces and negative for AdS.
The corresponding metric tensor satisfies the Einstein equation with a cosmological constant.
The (N + 1)-dimensional de Sitter space is defined as the following hyperboloid of a radius R

N+1
Y- > Y24+ R* =0 (4.40)

n=1

embedded in the (N + 2)-dimensional Minkowski space R +1. One can check that the induced
metric tensor on the hyperboloid (4.40) has a Lorentzian signature (see the exercise 11), where
the space part is given by the N-dimensional sphere and the time coordinate is unbounded.

In this section we concentrate on the AdS spaces. We describe their symmetries and study
the dynamics of a relativistic particle.

The (N + 1)-dimensional AdS space is represented as the hyperboloid

N
Xo+X5-> Xp=PR (4.41)
n=1

embedded in the (N + 2)-dimensional flat space R*»"V with coordinates X4, A = (0/,0,1,..., N)
and the metric tensor Gap = diag(+,+,—,...,—). Like in (4.40), the parameter R is called

the radius of the hyperboloid. To find the structure of the induced metric, we parameterize the
hyperboloid (4.41) by N + 1 coordinates z* (u=0,1,...,N)

Xo'zrsine, XOZTCOSG, X"=z" (n=1,..,N),

where =2 and r=+/R2+anz". (4.42)

The induced metric tensor g, = Gap9d,X 49, X B has a Lorentzian signature, since

Tm
goo = 7"2 y  gon = gno = 0 5 Imn = _5mn + % (4'43)

(see also the exercise 12). Due to (4.42)-(4.43), the cyclic coordinate § € S is identified with
time. In this way the hyperboloid (4.41) becomes a space-time manifold with a compact time
coordinate. Its isometry group is O(2, N) and an analog of the proper Lorentz transformations is
the SO4(2, N) subgroup, which is represented as a composition of the SO(2) x SO(N) rotations
and the boosts in the planes (X, X,,) and (X¢, Xp,).

Unwrapping the time coordinate by 6 + t € R!, one gets the space, which is an universal
covering of the hyperboloid (4.41). The AdSy+1 space is usually associated with this covering
space. Since the hyperboloid (4.41) and AdSn 1 are locally isometric, particle dynamics on these
spaces is similar. The difference is that the closed timelike curves on the hyperboloid (4.41) are
not closed in AdSn41.

Let us consider the 2-dimensional case as an illustrative example. The corresponding hyper-
boloid Xg, + Xg — X? = R?, embedded in R%!, is visualized on Fig. 1.



Xo

Fig. 1

This hyperboloid can be mapped onto the cylinder (6, ), where § € S! is the time coordinate
(4.42) and o € (0, ) parameterizes X; by X; = Rcoto. Note that the induced metric tensor in

the coordinates (6, o) becomes conformally flat
R (1 0

Unwrapping the cylinder (6, ) one gets AdSs as a strip (¢,0), where t € R!,
In 3-dimensions the equation for the hyperboloid (4.41)

X2+ X2 - X} - X3 =R? (4.45)
is equivalent to the condition ad — bc = 1 with
Xo + Xo X1+ Xo X1 —Xo Xo — Xo
¢ R R ¢ R R (4.46)

Therefore, this space is described by the SL(2,R) group manifold. Moreover, the induced metric
on the hyperboloid dX“ dX 4 coincides with the standard left-right invariant metric on the group
manifold (g~'dgg~'dg) (see the exercise 19 of the lecture 3). Note that the left-right symmetry
of the metric on SL(2,R) corresponds to the decomposition SO4+(2,2) = SO4+(2,1) x SO4(2,1).

The dynamics of a relativistic particle of a mass m moving on the hyperboloid (4.41) can be
described by the action

r Ay 2
S:_/dT [X XA+ﬂ+g(XAXA—R2) . (4.47)

2e 2

Here e and p are Lagrange multipliers and 7 is an evolution parameter. To have the kinetic term
of the space coordinates X, X,, with a positive coefficient, one assumes e > 0. Note that for e > 0



and m > 0, after elimination of the Lagrange multipliers e and p, the action (4.47) reduces to
the standard form S = —ml, where [ is the length of a world-line.
To fix the time direction, we also assume 6 > 0, which by (4.42) is equivalent to

XoXo — Xo X0 >0 . (4.48)
The SO4(2, N) symmetry of (4.47) provides the Noether’s conserved quantities
Jap=PaXp—PpXa, (4.49)

where Py are the canonical momenta Py = (0L)/(0X*?) = —X4/e. The dynamical integrals Jo,
and Jy, are related to the above mentioned boosts, while Jyo and Jy,, to the SO(2) and SO(N)
rotations, respectively. We use the notations Jy, = K, Jyn = L, and Jyor = E. Since 6 is the
time coordinate, F is associated with the particle energy, and due to (4.48) it is positive

E = PyXy — PyXo = e Y X0 Xy — XpX0) >0 . (4.50)

The dynamical integrals (4.49) allow to represent the set of all trajectories geometrically
without solving the dynamical equations. From (4.49) we find N equations as identities in the
(P, X)-variables

EX,=K, Xy —L,Xo, (n=1,..,N). (4.51)

Since E, K,, L, are constants, eq. (4.51) defines a 2-dimensional plane, which goes through
the origin of the embedding space R%®. The intersection of this plane with the hyperboloid
(4.41) gives a trajectory, which is a timelike geodesic. This line can be parameterized by the time
coordinate 6 (see the exercise 13).

The action (4.47) is invariant under reparametrizations 7 — f(7), with the corresponding
transformations of the Lagrange multipliers (u — p/f’, e = e/f’). The gauge symmetry leads
to dynamical constraints. Applying the Dirac’s procedure, we find three constraints

XAX4—R*=0, PaPA—m?=0, Py X4 =0. (4.52)

They fix the quadratic Casimir number of the symmetry group by

% JapJ P = m?R? . (4.53)
This equation can be written as
E*+J?=K*+1°+a%, (4.54)
where
J? = % Jondmn »  K?=K,K,, L*=0L,L, and a=mR . (4.55)

A set of other quadratic relations follows from (4.49) as the identities in the (P, X)-variables
Jap Jap = Jan Jpp — Jap Jpar - (4.56)

These equations are nontrivial in terms of the dynamical integrals, if all indexes A, B, A’, B" are
different. Taking A =0, B =0, A’ =m and B’ =n (m # n) we obtain

E Jyn = KLy — KpLn | (4.57)



and it provides
E%J? = K°L?> — (K - L)* . (4.58)

From eq. (4.54) and (4.58) follows a quadratic equation for E? and one finds

1
B? = (K2 + L2402+ /ol 1 202 (K2 + L2) + (K2 — L2)? + 4(KL)2) . (4.59)

We neglect the small root of the quadratic equation, since it does not describe a real trajectory.
Indeed, using the result of the exercise 13, the small root gives an imaginary r(#) in eq. (E.11).
According to (4.59) « is the lowest value of energy. Two other inequalities

E?> K, K, , E*>1L,L,, (4.60)

also follow from (4.59). They are similar to the relation between the energy and momentum in
the Minkowski space. On the basis of these inequalities one can show that the choice of the time
direction by (4.48) is invariant under the SO4+(2, N) transformations (see the exercise 14).

Eqgs. (4.59) and (4.57) define E and J,,, as functions of (K, L,) and, therefore, (K, L)
are global coordinates on the space of dynamical integrals J4p. The physical phase space can be
identified with the space of dynamical integrals, since they form a complete set of gauge invariant
variables. Thus, the 2N variables (K, L, ) form global coordinates on the physical phase space.

The canonical brackets {P4, XB} = §4 P provide the o(2, N) algebra of the generators (4.49)

{JaB, Jarp'} = Gaadpp + GppJaa — GapJpa — GparJap . (4.61)

Due to the gauge invariance of Jup, the Poisson bracket relations (4.61) remain the same af-
ter reduction to the physical phase space, where the generators E and J,,, become non-linear
functions of the independent variables (K, Ly,).

The Poisson brackets on the physical phase space can be obtained by inversion of the sym-
plectic form, which corresponds to the reduced canonical form dP4 A dX4. To calculate the
reduction of this canonical form, it is useful to note that on the constraint surface (4.52) the
following relation holds

1
dPy N dXA = 5748 dJAC A dJP ¢ . (4.62)

The righthand side of this equation can be easily recalculated in terms of the coordinates (K, L,).
We demonstrate this procedure in 2-dimensions.
In this case there are only three dynamical integrals £, K = K1 and L = Ly. They are related
by the Casimir condition (4.54)
E?=K*+1*+a?. (4.63)
Since FE > 0, this equation defines the upper hyperbola in the space of dynamical integrals. The
calculation of the symplectic form (4.62) then yields

_dLANdK
=—%
with £ = vV K2+ L2 + o2. The inversion of this symplectic form provides the Poisson bracket
relations of the o(2, 1) algebra

{L,K}=F, {E,K}=L, {E L}=-K. (4.65)

w

(4.64)

Note the generators E, K, L have an oscillator representation with ¥ = H + «, where H is the
harmonic oscillator hamiltonian (see the exercise 5 of the lecture 2).
The 3-dimensional case with the hyperboloid (4.45) is discussed in the exercise 15.



Appendix

The SU(2) group is given as the set of 2 x 2 unitary matrices with the unit determinant. Similarly
to SL(2,R) (see Lecture 3), an element g € SU(2) and its inverse g~! can be written as

. a b -1 _ d —b . . o
g—<c d)’ g _<—c a>’ with  ad—bc=1. (A.1)

But now the numbers a, b, ¢, d are complex. The unitarity condition g™ ¢ = I is equivalent to

gt = g7 and from (A.1) one obtains d = a*, ¢ = —b*. As a result, the SU(2) group elements
are parameterized by
g= < _Z* af ) , with la> 4+ p)> =1. (A.2)

Introducing the real parameters a = u; + iuo, b = ug + iuy, one gets the equation for S3
uf 4+ uld Fuitul=1. (A.3)
Hence, the SU(2) group is a real 3-dimensional manifold, which is identified with S3.

The corresponding Lie algebra su(2) is formed by the anti-hermitian 2 x 2 traceless matrices.

Choosing the basis e, = —io,, n = (1,2, 3), where o,, are the Pauli matrixes
0 1 0 —1 1 0
Ul_(l 0)’ ”2_<¢ o)’ “3_<0—1)’ (A4)
one obtains
em €n = —Omn I + €mn €1 , (A.5)
and the commutators
[emv en] = 2€mn €l - (AG)

Thus, the su(2) algebra is an Euclidean version of s/(2,R) and the definitions and constructions
discussed in Lecture 3 have a natural generalization. Below we give the corresponding list of
formulas, which are similar to the SL(2,R) case.

e The normalized trace: (M) = —1/2Tr(M).

e The normalized traces of products of the basis vectors:

<em en> = 5mn , <€l €m en> = €lmn - (A7)

e The maps between su(2) and R3: A = A, e, € su(2), A A, A, = (e, A).
e The square of an element A € su(2): A? = —(AA) I
e The exponential map:

- . A
et =cosh I +sinf A, with 0 =+/(AA), A:5. (A.8)
e The adjoint representation: Adgy(A4) — g Ag~! and the map from SU(2) to SO(3):
g Omn = (emgeng™t) . (A.9)
e The left-right vector fields on SU(2): L,(g) = eng, Rn(g) = gen.
e The left-right 1-forms on SU(2) : L, = (e, dgg™!), R, = (eng 'dg).
e The metric tensor on SU(2):
8w =(9"0ug99 " 0g) . (A.10)



Exercises

1. The space of motions M for the oscillator problem # + x = 0, can be written as
x(t) = A cos(t + ) . (E.1)

Calculate the symplectic form on M in terms of the parameters (A, «).

2. Show that the parameter p in (4.7) corresponds to the asymptotic in-momentum of the
Liouville particle and —p is the out-momentum, respectively.

Find the ¢n and out coordinates in terms of p and q.

Constuct the canonical transformation from in to out variables, show that it has the form

(pin7 Qm) — (pouh QOut) = (_pin7 —Qin + 5,(pzn)) 5 (EQ)

and find the function S(p) (up to a constant).

3. The Lie derivative of a metric tensor g, in components is given by (see the exercise 2.9)
(Lve) =V 0s8u + 80V + 85,0,V . (E.3)

Check that if (Lyg) uv = 0, then the free particle Lagrangian (4.15) is invariant under the in-

finitesimal transformations ¢ — ¢ + e V#*(q).

4. Check that if (Lvg),, = 0 (see the previous exercise), then C' = g,,(¢) V*(¢)¢” is a dynamical
integral C = 0.

5. Describe the geodesics on the sphere z2 + 32 + 22 = R?.

6. Check that the metric tensor on the SU(2) group manifold (A.10) coincides with the standard
metric on S% induced from R*

ds? = du? + dud + du} + du? . (E.4)

7. From (4.27) verify that the su(2) valued matrix [ = gg—?, is also a dynamical integral (I = 0)

and it is related to r by | = grg~".

8. Check that [ and 7 (see the previous exercise) have the same norm (%) = (r?).

9. Check that the variable [, = (le,) (see the exercise 7) is given by I, = Opp rm, with
Omn = lengemg™t) € SO(3).

10. Using the Poisson brackets (4.37), (4.38) and (4.39) check that [, satisfies the following
Poisson bracket relations

Unslm} = —2€knm i {ln,9} =eng, {lm,rn} =0 (E.5)
11. Let us parameterize the (N + 1)-dimensional hyperboloid (4.40) by
Yy = R sinh @ , Y, = R cosh@ u, , (E.6)

where u,, is an unit vector (u,u, = 1) in RN*L which defines the N-dimensional sphere. Check
that the induced metric is given by

ds®> = R*(df)?* — R* cosh® 0 (duy, duy,) . (E.7)
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12. In the AdS case, the hyperboloid (4.41) can also be parameterized by
Xo = R coshp sinf , Xo= R coshp cosb , X, = Rsinhp u, , (E.8)
where now wu,, is an unit vector in R". Check that the induced metric in these coordinates is

ds®> = R? cosh? p (df)? — R? [(dp)2 + sinh? p (duy, duy)] (E.9)

13. Using the parametrization (4.42) of the hyperboloid (4.41), form (4.51) one finds the following
form of the trajectories

Xo=r(0)cosh, Xy=r(@)sind, X,= T(EQ) (K, sin@ — L, cos@) . (E.10)

Check that the function 7(6) can be written as

V2RE

r(f) = 2 2 2 2 2 ; ’
V2E? — [K2+ L2 — (K2 — L?)cos20 — K - L sin 20)]

(B.11)

where K2 and L? are given by (4.55) and K - L = K,,L,,.
Note that eqs. (E.10)-(E.11) provide a parametrization of the trajectories through the dy-
namical integrals F, K,, L, and the evolution coordinate 6.

14. Check that the condition for the choice of time direction (4.48) is invariant under a boost
in the (X, X,,) plane. One can use the form of the trajectories (4.51) and the inequality (4.60).
The invariance of (4.48) with respect to the rotations SO(2) x SO(N) is obvious.

15. Here we consider the dynamics on the hyperboloid (4.45). In this case there is only one
quadratic relation (4.57), and together with the Casimir condition (4.54) one gets two equations

E?4+J%, =K+ Ko+ L3+ L3+, EJis =KLy — KyLy . (E.12)
Let us introduce ‘left’ and ‘right’ variables (Ej, Kj, L;) and (E,, K., L,) defined by

2E = E+ Jio 2K =K1+ Lo, 2L =L — K> ; (E.13)
2E,. = FE — Ji9, 2K, = K1 — Lo, 2L, = L1+ K> .

Using the algebra (4.61), check that the left variables have zero Poisson brackets with the right
variables and they both satisfy the Poisson bracket relations of the o(2,1) algebra (4.65).
Check also that the two conditions of (E.12) are equivalent to

E? = K? + L7 + (o)2)* E2=K2+ 12+ (a)2)* . (E.14)

These equations define two hyperbolas (4.63) with the lowest values of E; and E, equal to /2.
Find the oscillator representation of the symmetry generators (E.13), using the above men-
tioned splitting 0(2,2) = 0(2,1) @ 0(2,1) and the result of the exercise 5 of the lecture 2.
Express the o(2,2) generators F, Ji2, Ky, L, (n = 1,2) in terms of the ‘creation-annihilation’
variables defined by

a; + ar .a; — Qp
a) = , ag =1 , E.15
=" 2 NG (E.15)
where a; and a, are the ‘annihilation’ variables for the left (E;, K;, L;) and the right (E,, K,, L;)
generators, respectively.
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